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Nomenclature Mo = damping moment
A =fin effectiveness coefficient, Eq. (61) M. =yaw moment
c = center-of-gravity offset )2 =roll rate
Cp =drag coefficient Perit = critical roll rate
Cp =CpqS/mu p, =roll-rate parameter = up/2
Cr, =1ift force derivative q = pitch rate; dynamic pressure
Ci, =Cp,qS/mu r =yaw rate
Cy =zero angle-of-attack fin-lift derivative S =aerodynamic reference area
g =pitch-damping derivative t =time
Cra =-C, . qSd?/2Iu u =vehicle velocity
Cp, =damping moment derivative v =transverse velocity component; x in Eq. (57)
Cr =—C,,,q8d?/2Iu 4 =vector velocity (u,v,w)
Cn, =normal force derivative | 4 =vector velocity (u, 0, W)
% =Cy,qS/mu |4 =transverse velocity in cross plane=v +iw
C, "a = Magnus moment derivative AV =transverse velocity increment
C,‘id =C,,,q5d* /21Iu X, =axial distance from fin center of pressure to
d =aerodynamic reference diameter vehicle center of gravity
F =vector force Xg = static margin
g =acceleration due to gravity X, 0,2 =body-fixed coordinates
h =altitude 59,7 =aeroballistic coordinates
h =angular momentum vector X, Y2, =wind-fixed coordinates
H =scale height for exponential atmosphere XY, Z =inertial coordinates
i =~ - a,d =angle of attack
I =pitch or yaw moment of inertia 8,6 =angle of sideslip
I, =roll moment of inertia 8 =ballistic coefficient =mg/C)S
I, =product of inertia Y =path angle
J =trajectory deflection (aerodynamic jump) ] =complex angle of attack =3+ i«
=AV/u g =fin cant angle
K, K_ =modal amplitudes (Fig. 4) € =principal axis misalignment=1_/(/—1,;)
K, =trim amplitude =damping ratio, Eq. (59)
/ =1/mxg 7,7 =complex angular rates=gqg+1ir, §+if; Cy qS/1
L, =lift force derivative in Eq. (85)
m =vehicle mass 6 =pitch angle (Euler angle)
M =vector moment 0 =pitch rate
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0, =coning error

0, = pointing error

9E =entry angle of attack

e;aw =Myaw/w21

o =total angle of attack

0, =trim angle of attack

K = (w/p,)?

A =p/pcrit

AN, _ =damping coefficients, Eq. (44)

w =I/I

v =damping parameter =C7, +C7, +C7
Vo =yaw moment parameter =puC7_ +C7

(Eq. 46) _
=complex angle of attack = 8+i&
=atmospheric density
=fsiny/gH
=p.r +Vp, — VD
=roll angle relative to wind (Euler angle)
=windward-meridian rotation rate
=roll angle relative to inertial reference
= ¢ -pP,
=precession angle (Euler angle)
=precession rate
=precession modes, Eqgs. (24) and (26)
=precession modes, Eqgs. (44) and (45)
=entry values of precession rates
=undamped natural pitch frequency
=angular velocity
=(plt+w?)”
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Introduction

HIS paper is a historical summary, from the author’s

viewpoint, of ballistic re-entry vehicle flight dynamics,
with emphasis on key issues in the development of small,
high-performance ballistic missiles during the past 15 years.
The re-entry or ‘‘nose cone’’ problem was solved a decade
earlier, with the classical works of Allen and Eggers, and
others. The author’s experience in this area began with the
advent of smaller, higher ballistic coefficient re-entry vehicles
with emphasis on improved performance and accuracy.

The flight dynamics of a nominally axisymmetric ballistic
re-entry vehicle has a strong foundation in the field of missile
and ordnance flight dynamics. The fundamental governing
equations are generally applicable, and scores of theories
substantiated by operational systems have evolved to explain
missile and ordnance projectile flight behavior. Yet, in spite
of the similarities between the ballistic missile and the ord-
nance projectile, the re-entry flight environment and the
ballistic missile characteristics are sufficiently different that
new theories and approaches have envolved to describe
ballistic missile flight behavior. Perhaps the author’s primary
contribution in this field is the development and application
of the classical Euler angle coordinate system to describe
modern ballistic re-entry vehicle motion. Historically used to
describe the motion of the spinning top and gyroscope, and
commonly employed in spacecraft dynamics, this coordinate
system has seldom been used in describing missile, ordnance
projectile, and aircraft motion since the development of the
aeroballistic and body-fixed coordinate systems. The prin-
cipal advantage of aeroballistic and body-fixed coordinates is
their utility for linear epicyclic and tricyclic motion analysis.
Reduction of data from strapdown sensors is also more
convenient in body-fixed coordinates. However, certain
aspects of re-entry vehicle motion are conveniently described
in terms of the classical Euler angles. The development of the
classical Euler angle system, its relation to other coordinates,
and applications to critical issues during the past 15 years are
discussed in this paper.

The author became involved in the study of ballistic re-
entry vehicle dynamics in the mid 1960’s when flight tests of
small, high-ballistic-coefficient re-entry vehicles revealed
anomalous roll behavior, i.e., unexplained excursions in roll
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rate from nominal design values.!” The roll-rate behavior
was one of the ‘“big surprises’’ in the development of current
high-performance ballistic missiles. Some vehicles spun into
resonance (in which the roll rate is approximately equal to the
vehicle natural pitch frequency) with catastrophic effects of
large angle-of-attack amplification, range shortening from
increased drag, and even structural failure. Others displayed
large cross-range miss distances from despinning near or
through zero roll rate, where effects of lift do not average out.
Various roll-rate behaviors that have been observed in flight
tests are shown qualitatively in Fig. 1. The cause of the roll
anomalies proved to be certain combinations of mass and
configurational asymmetries, which produce greater roll
response as the vehicle size decreases and the ballistic coef-
ficient increases. Roll torques were found to be related to
materials and methods of fabrication of the nosetip and heat
shield, and the manner in which they ablate during re-entry.
Heat shield torques for some tape-wound vehicles have been
shown to correlate with the direction and number of tape laps
that exist in the heat shield as a result of the tape-winding
process. A level of passive roll control is achievable by
controlling the tape-lap geometry produced during
manufacturing.

Considerable attention was focused on the roll problem
when the catastrophic effects of resonance were first ob-
served. 17911 Roll control and active nosetip cooling were also
considered, in case acceptable roll behavior could not be
achieved by suitable materials and heat-shield design. Much
of the effort directed toward the roll- problem was an attempt
to understand the influence of various flight parameters and
configurational asymmetries on roll resonance and angle-of-
attack amplification.

The motion of a spinning re-entry body, as with any
nominally axisymmetric, spinning flight projectile, is
analogous to the motion of a spinning top or gyroscope. Such
motion is described in the literature in terms of the classical
Euler angle coordinates, '>!? and the author chose to take a
similar approach. The classical Euler angles proved sub-
sequently to be quite convenient for analysis of cross-range
dispersion associated with nonaveraging of lift.1415 Lift
nonaveraging attributed to asymmetric boundary-layer
transition, and to aerodynamic disturbances arising from
asymmetric ablation is a significant source of impact error.8
One Euler angle in the classical system is, for practical pur-
poses, the precession angle of the lift vector in space. The
coupled behavior of this Euler angle with the total angle-of-
attack Euler angle, analogous to the nutation angle of a
spinning top or gyro, determines cross-range dispersion
associated with lift nonaveraging. Another advantage of the
classical Euler angle system is its suitability for application to
large-angle rotational dynamics, which can occur during early
re-entry, 6 during roll resonance, and under certain con-
trolled conditions, 1718
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Other investigators independently have employed the
classical Euler angle system for re-entry vehicle motion
analysis, particularly for angle-of-attack convergence (the
alignment of the vehicle axis of symmetry with the velocity
vector as the vehicle traverses the atmosphere). 192! Vaughn?
described boundary conditions for persistent roll resonance,
and Chrusciel has used classical Euler coordinates for motion
analysis during boundary-layer transition?>2? and for motion
reconstruction from rate gyro measurements.?* Several in-
vestigators have redefined aerodynamic coefficients in terms
of the classical Euler angles, and angular rates, to account for
nonlinear coupling effects of bodies in spinning and coning
motions that cannot adequately be explained by a linear
superposition of orthogonal planar motions. 2527 This further
justifies use of the wind-fixed coordinates for analysis of such
motions.

The paper gives a historical account of ballistic re-entry
vehicle flight dynamics from the author’s viewpoint. The
author has attempted to give such an account, and at the same
time provide a useful technical paper, which summarizes
essential features of his approach to re-entry vehicle flight
dynamics. The paper is more technical than usual for this type
of article, because, in the author’s opinion, it is the approach
that is unique, and this can best be explained with relatively
simple derivations of key results. The underlying feature of
the approach is the use of the classical Euler angle coor-
dinates, and the simplicity they afford for certain aspects of
re-entry dynamics. The paper, therefore, begins with a
derivation of the symmetric-missile equations of motion and
shows the relation between the classical Euler angle equations,
and the equations of motion in the more familiar body-fixed
and aeroballistic coordinates. Subsequent topics include
applications to key issues in the past 15-year development of
small, high-performance ballistic missiles. Angle-of-attack
convergence, dynamic instabilities, roll dynamics, dispersion
from lift nonaveraging, and control considerations are
discussed.

Coordinate Systems and Equations of Motion

The rigid body motion of a nominally axisymmetric missile
is described by the general force and moment equations

Fim=[V]+oxV )

M=[hl+axh N )
in which & is the angular velocity of a rotating coordinate
frame in space, V'is the velocity of the missile center-of-mass

relative to the rotating coordinates, 4 is the angular
momentum of the missile with respect to the rotating coor-

XX

44
Fig.2 Aeroballistic and body-fixed coordinates.
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dinates, and F and M are the force and moment acting on the
missile along and about the coordinate axes, respectively. The
equations of motion for the undamped, axisymmetric missile
subjected to a linear static moment are written in body-fixed 28
(x,3,2), aeroballistic® (X,7,Z), and classical Euler angle or
wind-fixed*!¢ (x,,»,,z,) coordinates (Figs. 2 and 3). The
tilde (™) is used to designate aeroballistic coordinates (Fig.
2), which are body fixed with respect to pitch and yaw motion
but do not roll with the missile. The axes X, Y, and Z in Fig. 3
are nonrotating, with the X-axis aligned with the mean
velocity vector. The axes x,,, ¥,, and z,, are orthogonal axes
of roll, pitch, and yaw, respectively, in the wind-fixed
coordinates, which precess about the velocity vector with
angular rate y. The coordinate angular velocities, missile
angular velocities with respect to the coordinates, and angular
momentums are given in Table 1.

The pitch and yaw moment equations in body-fixed and
aeroballistic coordinates in terms of complex angular rates 5
and 7 are

M, +iM, ‘
M, +IM, n=q+ir ?)

7 =9+i(I—p)py
M,+iM, . o
%‘—‘ﬁ—lﬂpﬁ f=q+ir 4
and the wind-fixed moments are
—Iy—w- =0+ ppysing — Y?sinbcosd (5
M. da . .. .
v — — (yYsing) + 0ycosh — upb . 6)
I dt
M M, d . .
W — X =p=— (¢+ycosf 7
1, L. p=q (¢ +ycost) W)

X, Y, Z INERTIAL COORDINATES
U | x,y,z BODY-FIXED COORDINATES

{} | *w Yo 2, WIND-REFERENCED COORDINATES
X | ¥, $ 8 EULER ANGLES

(ROLL)

X, Xy

p=4;+4'fcos(9

Y Yu
(PITCH)
Fig. 3 Wind-referenced coordinates.

Table1 Coordinates, angular rates, and momentums

Coordinate angular Missile angular Angular
Coordinate velocities velocities momentums
Body-fixed x, y, z par paqr I.p, Ig, Ir
Aeroballistic %, 7, £ 0,47 pqgr Lp 14,17
Wind-fixed x,,, y,,, 2,, ycosd, 0, y sind D, 8, ysind I.p, 18,, Iy sind
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where p=1/1 The roll equation is common to the three
coordinate systems. Complex angles of attack in the body-
fixed and aeroballistic coordinates are defined by

b=B+io t=f+ia ®)

and linear static moments in terms of these angles are

M, +iIM; o2 My +IM: 2 ©
I I
which give the moment equations
A+i(1—p)py=iw?d (10)
A—ippi=iw?§ an

If we assume a static moment proportional to sinf in the wind-
fixed system, then the pitch and yaw moment equations can be
written

G+ (w? +ppy —§2cosh)sind =0 (12)
d . . )
% (Ysinf) + 6ycosd — upb=0 (13)

or, for small angles,

4+ (w2 +ppy—y2)0=0 (14)
d . . :
5 90 + (G —pp)0=0 (15)

With vector velocities V= (u, v, w), V={(u, #, W) in the
body-fixed and aeroballistic coordinates, respectively, the
force equation, Eq. (1), in absence of aerodynamic forces
yields

S+ipd—in=0 £—if=0 (16)
which combines with Eqgs. (10) and (11) to give the differential
equations for complex, undamped angle-of-attack motion

S+ (2-p)ipd+ [w? = (I —p)p?16=0 17)

E—iwpf+w?t=0 (18)

For the case of undamped motion, in which there is no
contribution to angle of attack from lateral translation, the
pitch angle 6 in the wind-fixed coordinates system is identical
to the total angle of attack, 6= 161 = 1£|. The complex angles
of attack in the body-fixed and aeroballistic coordinates are
related to 6, and to each other by the relations

E=ife® (19)
5=ifle - (20)
E=be® @1

in which &, is the roll angle in inertial space, defined for small
angles by

¢, =fpdt=¢+y (22)

Substituting Eq. (19) into Eq. (18) or Eq. (20) into Eq. (17),
and setting the resultant real and imaginary parts equal to
zero, yields the small-angle wind-fixed equations, Eqgs. (14)
and (15). Similarly, the differential equations, Eqgs. (17) and
(18), are related through the transformation, Eq. (21). High-
altitude re-entry motion is very lightly damped, and is well
approximated by the foregoing equations of motion where a
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linear static moment is applicable. It is instructive to show the
analogy of such motion to the motion of a spinning top and to
show the influence of initial exoatmospheric motion on re-
entry angle-of-attack convergence and angular rates. ’

Undamped Epicyclic Motion and Angle-of-Attack Convergence

Angle-of-attack convergence of axisymmetric re-entry
bodies has been studied extensively by other investigators in
conjunction with both ballistic missiles, and entry into other
planetary atmospheres. 9243033 Early treatments of planar
oscillations with nonspinning re-entry bodies3! and three-
dimensional rotational motion of spinning bodies?° indicated
that very small trim asymmetries could cause large impact
errors and that a nominal roll rate was needed to average out
the effects of lift. For this reason, most re-entry vehicles are
spun, and analyses of angle-of-attack convergence must take
into account the gyroscopic effects of spin. Aerodynamic
damping must also be included, particularly at lower altitudes
where the influence of damping becomes significant. Of
particular interest in conjunction with roll resonance lock-in,
a condition in which the roll rate is driven by configurational
asymmetries to remain in resonance (Fig. 1), and a principal
motivation for the author’s investigation of angle-of-attack
convergence, was the influence of initial re-entry conditions
(pointing and coning error) on the magnitude of the lift at
first resonance crossing, and on the lift vector rotation rate
relative to the wind (windward-meridian rotation rate), which
can influence the probability of resonance lock-in.?#

The solution to Eq. (18), verified by the substitution of Eq.
(19) into Eq. (18), is 3%

E=ife¥ =K, e+ +K_e! (23)

which represents the sum of two coning motions (Fig. 4) with
constant precession rates ¥, and ¥ _ given by

Yy _=p, = (pttw?)” 4
where p, =pup/2. Epicyclic motion of ordnance projectiles was
earlier observed and described analytically. *¢?7 Steady coning
motion, § =0=0, from Eq. (12), requires that

w? 4+ pupy—§2cosfd=0 (25)

which yields the large angle equivalent to Eq. (24)

T [0 R

cosf cosf cosf

The motion is similar to that of a spinning top or gyroscope
under the action of gravity!? in which the static moment

1a
f= f+id=ife?
_ i1 Wt 8 K_
= K+e + + K_e —y '
v
~ p K+
B ¥, ¥

Z
Fig. 4 Epicyclic motion.
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Fig. 5 Spinning top or gyro.

w?Isinf, which tends to decease 6 for a statically stable
missile, is equivalent to the top turning moment, — W1 sin6,
which tends to increase # (Fig. 5). In the limit as w—0, Eq.
(26) yields two limiting cases of exoatmospheric (initial re-
entry) motion.

0E =9, (Fig. 6a): YE =pup/cosh,

6F =06, (Fig. 6b): JE=0 @n

corresponding to symmetric coning about the velocity vector
(Fig. 6a), and roll rate with no initial coning (Fig. 6b). The
general case of unsymmetric coning (Fig. 6¢ or 6d) consists of
the sum of two coning motions, Eq. (23), such that positive
precession v, has an initial rate yb{-; and an initial magnitude
K, =60, and negative precession ¥ _ has a zero initial rate
with a magnitude K _ =6,,. The subsequent convergence of the
angle-of-attack or coning motions during entry through the
atmosphere, in absence of aerodynamic damping, can be
obtained simply from conservation of angular momentum.
Equation (13) is integrated to yield

Ysin20 4+ upcosd = const (28)

which is an expression of constancy of angular momentum
about the velocity vector, because there is no moment
component in this direction. (The static moment, by
definition, acts in a direction perpendicular to the velocity
vector.) The constant in Eq. (28) is obtained from the initial
conditions, Eq. (27), for each of the possible coning motions
and yields, for Eq. (28), '

¢+’_sin20=up[(cos()s) 1 —cosh) ] 29)

where the upper negative sign in the exponent corresponds to
positive precession. Equations (26) and (29) combine to give

2cosf(cosBE) 1 =1+ cos?0 + (1 +«cosf) “sin?6 (30)

which, in conjunction with Eq. (26), describes the quasisteady
angle-of-attack motion in terms of the frequency ratio
parameter k= (w/p,)?, which is a function of atmospheric
density or altitude. Equation (30) indicates that both
precession motions converge from their initial values only
because of increasing atmospheric density. With the small-
angle approximations sinf~#6 and cosf~1-6%/2, Eq. (30)
reduces to the simple result

0/0E=(1+k) % @31

J. GUIDANCE

Fig. 6 Exoatmospheric coning motions.

which applies equally to positive and negative precession
modes. The corresponding precession frequencies given by
Eq. (24) differ significantly for the two modes at high
altitude. For large entry angles, the two precession motions
converge at slightly different rates as described by Eq. (30).
For smaller angles, both motions converge equally in ac-
cordance with Eq. (31) so that the relative proportion of
positive and negative precession dictated by the initial coning
and pointing errors is preserved. This situation can change
significantly when aerodynamic damping and disturbances
arising from ablation and other re-entry phenomena are
included. This leads to considerations of dynamic instability,
discussed in the following section, in which one or both
precession motions can diverge in amplitude.

The results obtained with the classical Euler angles show the
dependence of the rotational motion on the initial exoat-
mospheric pointing and coning conditions, and they provide a
simple and direct description of the windward-meridian
rotation and precession rates. The application to resonance
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lock-in also includes a quasisteady variation in the roll rate.
The work of Longmire'® came to the attention of the author
after the author’s application of the classical Euler angle
approach to the resonance lock-in problem.3* Although
Longmire’s treatment of angle-of-attack convergence ex-
cludes damping, his general approach to spinning missile
dynamics is identical to that followed later by the author.
Longmire cites the analogy with the spinning top and utilizes
the Euler equations to describe coupled angle-of-attack and
precession oscillatory motion.

Damped Epicyclic Motion

When aerodynamic damping and a Magnus term are in-
cluded in the complex moments, Eq. (9), and lateral and drag
forces are included in the complex force expressions, Egs. (1)
and (16), these equations take the form

M;+iM; . .
e =zw2£+C;‘papg—C;*nqﬁ+1C,"nd£=ﬁ—mpﬁ
(32)
M, +iM L
*Ll—é=iw25+C,";pap5—C,t,qr]+iC,";,d5=‘r]+l’(1—p.)p‘r]
(33)
F;+iF; . . . o
W:—CMIEZE—CDS_”I (34)
F,+iF : .
W:—C:&)}S:B—C;‘ﬁ—m (35)

The force and moment expressions combine to give the dif-
ferential equations for damped epicyclic motion in
aeroballistic and body-fixed coordinates 28:2

E+ (v—ipp) E+ (w2 —ippCt —ipCy )E=0 (36)

fpo

S+ [r+ip(2—p) 16+ [w? —p2 (1 —p)

+ip(v—uCt ~Cy )16=0 37

npa

in which the damping parameter v is defined by

= C,*,,q +Cr +Cr, (38)
Transforming Eq. (36) to wind-fixed coordinates by sub-
stituting the form of Eq. (19) with 6 replaced by © and
replaced by ¥, and separating the real and imaginary parts,
we obtain

O+ (w2 +up¥ —¥2)0+vO=0 (39)
4 . . o
S HO) + (F=up) O+ (¥ —pCt, —pC;, )O=0  (40)

in which ©= 1£| is the total angle of attack and ¥ is the
precession rate of the total angle of attack or wind plane in
space, including the damping effect of lateral center-of-mass
motion. 35 Equations (39) and (40) are identical in form to
the rotational equations in terms of the pitch angle ¢ and its
precession rate ¥, but # and O differ slightly, and Murphy
has shown the relation between them in a technical com-
ment** that the author has found helpful in relating the two
coordinate systems. The total angle of attack, or lift vector,
and its precession rate are of more practical interest than pitch
angle and its precession rate, particularly with regard to cross-
range dispersion from lift nonaveraging (although the dif-
ference is insignificant in most re-entry applications).

The solution to Eq. (36) is a damped epicyclic motion
analogous to Eq. (23), of the form

£=i0e™ =K e+ +K_e'¥- 41)
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where
K, _ =K0+,~e"+,—’ (42)
Y, =Y, +¥, 1 43)
Ny _+i¥, _=—p/24ip, £ [ (WP +pZ—r?/4)
—ip,(v=2C; — (2/W)C; 1" (44)

The damping term »2/4 varies as p°u? and can be neglected
relative to w?, which varies as pu?. Similarly, the second term
under the radical of Eq. (44) is small relative to the first, and
the radical can be expanded to give

Ny +i¥, _=—V(vxv,) +i(p, Q) (45)

where

v, =pCr, +C;

- Q2 =pl+w? (46)
The classical Magnus term C,,p is generally negligible at the
nominal roll rates typical of ballistic re-entry vehicles.
However, re-entry effects of ablation mass addition, shape
change, boundary-layer transition, control surface coupling,
and other phenomena can cause Magnus-type side moments
that have an equivalent Magnus effect, even with a slowly
rolling missile, 22-23:26,38-41

A significant contribution to re-entry dynamics was made
by Waterfall,?® who demonstrated analytically, and with
flight data, the potential side force effects of ablation time lag
on dynamic instability of a spinning re-entry vehicle. Ex-
perimental evidence of the effect described by Waterfall was
demonstrated more recently. 4 Destabilizing effects of mass
addition on planar oscillations have been  studied ex-
tensively. 4% Destabilizing side moments attributed to vortex
shedding have been demonstrated experimentally with
spinning models at angle of attack,?>?¢ and side forces have
been measured in wind-tunnel tests with asymmetrically
blunted conical models.*' There is evidence from flight data
analysis that side forces occur from asymmetric boundary-
layer transitions.?® The author has shown that small side-
moment transients can effectively stop the lift vector
precession without altering the roll rate, and thus cause large
lift-nonaveraging dispersion.'* Side moments can also be
caused by control surface coupling with the vehicle motion. A
striking example of a yaw moment instability caused by spin
fins intended to control re-entry roll rate is described in the
next section.

The susceptibility of a slender, spinning missile to yaw or
side moments is so great that the yaw moment can be con-
sidered the Achilles heel of the spinning missile. This is true
partly because of the low inherent aerodynamic damping,
which varies approximately as the square root of atmospheric
density for a ballistic re-entry vehicle. Because of the im-
portance of dynamic stability and Magnus-type or yaw
moment e¢ffects on re-entry vehicle performance, the fun-
damental first order governing equations are summarized in
the next section.

Angle-of-Attack Convergence and Dynamic Stability

A quasisteady approximation for the angle-of-attack
convergence including aerodynamic damping can be obtained
from the Euler angle form of the equations of motion, Eqgs.
(39) and (40). Substituting

x=¥-p, O=p,+p, = v,p 7N
Egs. (39) and (40) can be written
O+1v6+(92-x2)0=0 ©(48)

(x+rx+0)0+2x0=0 49)
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Eq. (49) is of the form
0+/(1)0=0 (50)
where
Sy =% (x/x+v+o/x) (51

and has the solution

R R R SN

The quasisteady condition © = 0 =0 yields for x from Eq. (48)
Xy == Q (53)

which is identical to Eq. (24) for the undamped precession
frequencies, because the quasisteady coning condition
O~ 6=0is unaffected by the damping term »©. Then, for the
decay or growth of the two coning motions, from Eq. (52),
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in which the + sign in the exponent corresponds with the
respective precession mode, i.e., the positive mode is damped
or undamped in accordance with the plus (+) sign, and the
negative mode is damped in accordance with the minus (—)
sign.

The integrand in the exponent of Eq. (54) is an expression
of dynamic stability. For stability, the exponent must remain
negative, which requires that

v£a/Q>0 (55)
or, on multiplying the two inequalities of Eq. (55),
2 —(a/Q)2>0 (56)

The inequality in Eq. (56), including the effect of roll ac-
celeration, is equivalent to the dynamic stability criterion
described by Murphy. 294

Equations (48) and (49) can be put into a form suitable for
phase-plane analysis of the precession motion. 163435 If we let
v=x, eliminate © between the two equations, and ignore
higher order terms, we obtain the single equation in the
precession rate parameter x,

d_v _ —4x? (x? = Q%) +v(3v+40)
dx 2xv

(57

An examination of the singularities of Eq. (57) reveals much
about the character of the precession motion. The
singularities occur at values of x and v that make both
numerator and denominator zero. The precession and angle-
of-attack behavior are predominantly influenced by the
nature of the singularities at v=0, x=+Q (1-»2/4072),
which are determined by the damping terms » and ¢. These
singularities are of either the center or spiral type depending
on ¢. For 0=0, both singularities are of the center type, in-
dicating stable oscillations in x. For ¢<0 the singularity at
x=~ — is an unstable spiral and that at x= +{ is a stable
spiral, which indicates that negative precessional oscillations
increase, and positive precessional oscillations decrease, until
there is a transition from the less stable negative precession
mode to the more stable positive precession mode.

The corresponding angle-of-attack behavior is governed by
Eq. (54), which shows that a divergence in the precession rate
oscillations corresponds to a stabilizing effect on angle of
attack for that mode and a destabilizing effect on the opposite
mode. For example, from Eq. (54) for ¢ <0, negative coning
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motion, K _, damps at a higher rate than positive coning, K .
For o sufficiently large to cause dynamic instability as
determined by the criteria of Eq. (55) or (56), the unstable
mode will grow exponentially while the stable mode will damp
out, tending to circular motion in the unstable mode, i.e., the
unstable mode predominates. According to Nicolaides* ...
all flight dynamic instabilities observed by the writer have
been observed to be ultimately of the pure circular type.”
Apparently, all the instabilities observed were of the Magnus
or side-moment type, which damps one precession mode while
undamping the other. This is not surprising, considering the
susceptibility of the missile to such instability because of the
low inherent aerodynamic damping.

The classical Magnus moment, proportional to both angle
of attack and roll rate, appears in the term o, according to
Egs. (46) and (47), and its influence on dynamic stability has
been shown. Another aerodynamic moment of extreme
importance in ballistic re-entry dynamics is the out-of-plane
or yaw moment, M., which acts in the direction of a
Magnus moment, but is proportional to neither angle of
attack nor roll rate. The yaw moment is equivalent to a wind-
fixed moment, M, in Eq. (6), which appears on the right-
hand side of Eqgs. (40) and (49) as the term M, /7. The in-
fluence of a yaw moment is readily obtained from Eq. (49)
with x =« and x =0, which yields

O+ twbd=M,_ /2] (58)

yaw
in which
(w=Va(vxo/w) (59)

Equation (58) with {wand M
the solution

vaw considered to be constant has

6(r) = (6, /25*)(1‘—e‘f“")+0(0)e‘5“’ (60)

yaw

where 67, =M., /w?] is the static nonrolling trim angle of
attack that the yaw moment would produce if it were applied
in the pitch plane. The parameter { is the equivalent damping
ratio (ratio of damping to critical damping) for a linear
damped oscillator, and is on the order of 0.005 to 0.05 for a
ballistic re-entry vehicle over the altitude range of interest.
Equation (60) expresses the growth or decay of each of the
two coning motions that comprise the untrimmed epicyclic
motion. It is limited, by definition, to small angles and
positive 6. The plus-minus sign in Eq. (59), as in Eq. (54),
indicates that the Magnus-type term o¢/w damps the two
coning motions implicit in Eq. (60) unequally, i.e., a moment
that reinforces positive or clockwise precession, and undamps
that motion, opposes and therefore damps the opposite
coning motion. The same is true of the yaw moment M, or
67, The difference between the yaw moment M, and the
Magnus term o/w is that M, is independent of 8, whereas
o/w is proportional to 6 and therefore appears in the ex-
ponent. A classical case of yaw-moment undamping is roll
resonance caused by a body-fixed trim asymmetry equivalent
to 6,,,, which is discussed in the next section. An example of
Magnus-type undamping that occurred with a finned re-entry
vehicle is described below. The damping term v, which
consists of rate and normal force damping, damps equally
both precession modes and is normally positive in Eq. (59),
which gives a stabilizing value of {w in Eq. (60). However,
unsteady effects of ablation, flow separation, and boundary-
layer transition can cause an effective positive value of
C,,, +C,, resulting in dynamic instability or undamping of
both precession modes. 424447

An example of a Magnus-type instability that occurred with
a finned re-entry vehicle and was subsequently explained by
these considerations is described.3® Consider a rolling, finned
re-entry vehicle with two canted spin fins designed to impart a
positive (clockwise when viewed from the rear) rolling
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Fig. 8 Angular rates and angle of attack.

moment (Fig. 7). If it is postulated that the windward fin is
more effective than the leeward fin at angle of attack, such
that

(Clzs)windward =C[§ (1 +Ae) (Cla)leeward =6‘15(1 _Ae) (61)

then the difference between the fin lift forces is a net side
force, which can produce a Magnus-type moment. The
equivalent Magnus coefficient is

2u x;

Cupa=ACu80 o

(62)

Npa

where C,, is the zero angle-of-attack fin-lift derivative and §,
is the cant angle. This Magnus-type effect is independent of
roll rate, unlike the classical Magnus effect, but it is
proportional to angle of attack and therefore can cause a
positive exponent in Eq. (54) or (60) and an exponential
divergence in 8. An approximate value for {w, on combining
Eqs. (46), (47), (59), and (62) is

4Sd? [2CL 2Ac,aaouxf]
T Uma? (Cing + Cong) wd? 63)

The pitch damping term C,, +C,,, is normally negative, so
that instability occurs when the magnitude of the fin ef-
fectiveness term in Eq. (63) exceeds the sum of the damping
terms. Note the inverse dependence of the destabilizing term
on the pitch frequency w. Instability can occur at high altitude
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Fig. 9 Body-fixed trim asymmetry.

e
T > \Iwn\m

where w is low and can stabilize at lower altitude as w in-
creases. This behavior occurred in flight and is described in
Ref. 39. '

Roll Dynamics

After the initial re-entry angle of attack from pointing or
coning error has converged, the vehicle flies in a trimmed state
in which the angle of attack is determined predominantly by
the magnitude of mass and configurational asymmetries such
as occur from ablation shape change (Fig. 8). The motion
changes markedly from the transient, untrimmed state, and is
most readily characterized by the windward-meridian rotation
rate & and precession rate ¥. During untrimmed, epicyclic
motion, in which the angle of attack is large relative to the
trim angle, the precession rate consists essentially of the two
modes, Eq. (53), which become approximately equal and
opposite to the undamped natural pitch frequency ¥, _
= +w for small roll rates and at sufficiently low altitude. The
corresponding windward-meridian rotation rate is obtained
from the roll equation which, in terms of © and &, analogous
to Eq. (7), and in absence of roll torques from configurational
asymmetries, is

p==+¥cosO (64)
or, for small O,
p=d+¥ (65)

Equations (53) and (65) combine to give, for untrimmed
epicyclic motion,

¥V, =~zw

‘i>+’_-“~'p:FOJ (66)

As depicted in Fig. 8, trimmed motion can be described by the
pitch and yaw equations, Eqs. (39) and (40), with additional
terms to account for a body-fixed trim angle-of-attack
asymmetry O, (Fig. 9) according to

O+ (w? +up¥—¥?)0+v0 = w? O rcosd 67)

d . . . .
— (¥0) + (¥ —pp) O+ (¥ —ppCy, —pCl, )0 =020 sing
dr 68)

During steady trim, & =8 =¥ =0, the vehicle has a stationary
windward meridian, which requires that

¢=0 ¥=p (69)
[w?—p? (I—p)10=w?Orcosd (70)
(v—uCi, —C; ) PO=0w’O7sind (1

or, on combining Eqs. (70) and (71),

0/0,=[(I=-N)2+(21N)2]1 % d=tan ~12{N/ (1—\?)
(72)

where A=p/p_,; is the ratio of the roll rate to the critical roll
rate p, =w/(1 —p) % and 2¢= (v—uCy, —C:pa)/w(l —p) %,
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Rolling trimmed motion, described by Eqgs. (69) and (72), in
which the precession rate is equal to the roll rate and the
vehicle has a fixed windward meridian, greatly contrasts with
the epicyclic condition, Eq. (66), in which the motion is the
sum of two coning motions with frequencies on the order of
the vehicle pitch frequency. The rolling trim condition has
been referred to as ‘‘lunar motion’’ because, at a zero wind-
ward-meridian rotation rate, one meridian of the vehicle is
always facing inward, analogous to the moon in its precession
about the Earth. Equation (72) expresses the steady roll-
resonance amplification of the body-fixed trim angle of attack
O, and gives the trim orientation angle . Note that the trim
moment rotates out of the wind plane as the roll rate ap-
proaches critical (A—1), and the out-of-plane moment
component or yaw moment causes the angle-of-attack
divergence in accordance with Eq. (60). At resonance, A=1,
®=90 deg, and ©,=0y,,. The steady-state resonance am-
plification {/2 from Eq. (72) is reached when the transient of
Eq. (60) dies out. If, instead of an aerodynamic trim asym-
metry O, the vehicle has a product-of-inertia mass asym-
metry that causes a misalignment of the principal axis of
inertia from the vehicle symmetry axis, e.g., e=1,,/(I—1),
then the moment term p?e replaces w?Or in Egs. (67) and
(68), and the resonance amplification of the principal axis
misalignment is found to be approximately*®

O/e, =N [(I=N2)2+ (25N 2] ~*% (73)

Steady-state resonance amplification of a body-fixed
aerodynamic trim asymmetry and a principal axis
misalignment angle is indicated in Fig. 10. At subcritical roll
rates, the aerodynamic trim is always amplified, whereas the
product-of-inertia asymmetry tends to zero with zero roll rate.
At supercritical roll rates, the aerodynamic trim is attenuated
as (A2 —1) !, whereas the angle of attack resulting from
product-of-inertia asymmetries is always amplified and
approaches the principal axis misalignment angle as A
becomes large.

The general motion of a nominally symmetric ballistic re-
entry vehicle, as with any almost-symmetric missile, is
comprised of the transient epicyclic motion of Fig. 4 plus the
contribution from body-fixed trim asymmetries described
above. This motion has been shown by Nicolaides*® in his
classical work to be tricyclic, i.e., to consist of three rotating
vectors comprised of the epicycle of Fig. 4 superimposed on a
trim arm K, that rotates at the vehicle roll rate. Such behavior
can be demonstrated if we include the body-fixed trim
asymmetry with components © =0, +ig, in the derivation of
Eq. (36), which yields

E+ (v—ipp) €+ (0? —ippCt ~ipCh, Y E=w?O e (74)
and has the tricyclic solution
E=K eV +K_e¥-'+Ke? (75)

Hodapp3%5' and subsequently Murpliy, 32 have more recently
analyzed the motion of almost symmetric missiles in which the
asymmetries are assumed to cause unequal pitch and yaw
stability derivatives in addition to trim moments, rather than
being treated simply as a superposition of trim moments on an
otherwise symmetric missile. There is good experimental
evidence to substantiate this assumption. 4!-53-55 The motion is
found to be pentacyclic, i.e., consisting of five rotating modal
vectors. The resonance region includes the roll-rate range
between pitch and yaw resonant frequencies in which the
motion is usually exponentially undamped, and four of the
modal amplitudes may be similar in size. For roll rates near
zero, all five modes may be similar in size. For roll rates that
are not near zero or resonance, the motion is well ap-
proximated by the tricyclic theory with average force and
moment coefficients.
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Fig. 10 Roll resonance amplification of trim angle, ©,, and prin-
cipal axis tilt, ¢, .

Unlike the spin-stabilized ordnance projectile, which is
generally spun up to roll rates greatly exceeding the critical
frequency, the ballistic re-entry vehicle is spun slowly com-
pared with the critical frequency over much of the re-entry
trajectory. The critical frequency varies approximately as the
product of the vehicle velocity and the square root of at-
mospheric density, up”, and the roll rate must necessarily
cross the critical frequency at some high altitude (unless the
vehicle is overspun, i.e., spun up to roll rates in excess of the
critical frequency throughout re-entry). The critical frequency
depends on the trajectory, as well as on the vehicle charac-
teristics, and can reach peak values on the order of tens of Hz,
whereas the roll rate is typically on the order of one to several
Hz. It is significant to contrast the untrimmed behavior of the
precession and windward meridian rotation rates at resonance
crossing p~w for the limiting entry conditions depicted in
Figs. 6a and 6b. Symmetric coning about the velocity vector
(Fig. 6a) is predominantly positive precession ‘1/_+ ~w, in
which case the windward meridian rotation rate ¢, ~p—w
tends to zero momentarily as the roll rate crosses the pitch
frequency (Fig. 8). Pointing error in absence of coning (Fig.
6b) will result in predominantly negative precession initially
¥ _ = — such that if that motion persists, the windward-
meridian rotation rate ®_ =p+w at resonance crossing is
approximately twice the roll rate or pitch frequency. The
windward-meridian rotation behavior can have a strong effect
on heating and ablation shape change, and on the probability
of resonance lock-in. The vehicle is more susceptible in
positive precession to preferential heating during resonance
crossing because of the momentary stoppage and reversal of
the windward-meridian rotation rate. The trimmed vehicle
has a relatively constant windward meridian, and this con-
dition generally occurs and persists throughout the lower
altitude region where heating rates and aerodynamic loads
peak. Consequently, the greatest extent of ablation shape
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change occurs in this region, which is of most concern from
the standpoint of survival and performance.

The author first applied the classical Euler angles to define
a criterion for resonance lock-in and breakout at first

resonance crossing, and to describe spinup and lock-in to
steady roll resonance caused by a combination of mass and
configurational asymmetries.?* High-altitude resonance at
first crossing was termed ‘‘oscillatory resonance” by Pettus, 2
who first observed and simulated numerically the coupled
roll-rate oscillations about the critical frequency. Because the
angle of attack often does not converge to its trim value at
first resonance, the magnitude of the lift can be determined
predominantly by the residual angle of attack from entry
coning and pointing errors (Fig. 6) and not from shape
asymmetries. A simple criterion for high-altitude resonance
lock-in to occur and to persist with a radial mass asymmetry
(a radial offset of the vehicle center of mass from the
aerodynamic axis of symmetry) is

PZPory (76)

where
I.p=Cy,qSOcsind ()

which states that the roll acceleration must be at least as great
as the rate of change of the critical roll rate. This is a
necessary condition for resonance, but not sufficient in itself.
It was shown in conjunction with Fig. 8 that the windward-
meridian rotation rate depends on the precession mode, which
in turn depends on the initial entry coning and pointing
conditions. Positive precession in which ¢, —0 at resonance
crossing is much more susceptible to lock-in than negative
precession in which & _ —2p or 2w at resonance. Evaluation
of Egs. (76) and (77) required a solution for angle-of-attack
convergence similar to Eq. (54), which yielded the following
condition required for lock-in at the onset of resonance with a
simple mass asymmetry“:

=(75) (2) 5, oo L (5 52)] o9

Lock-in conditions and amplification for trimmed motion, in
which the angle of attack is determined predominantly from
body-fixed trim asymmetries rather than from initial pointing
and coning errors, was investigated subsequently.>” The
combination of trim asymmetry with residual angle of attack
from re-entry misalignment was also investigated.!0-!1
Transient amplification for spin varying through resonance,
an important condition that can occur at high altitude and
again at much lower altitude, was investigated also. 337

In addition to the analytical studies of resonance
phenomena to determine the influence of vehicle design and
trajectory parameters and the aerothermodynamic in-
teractions that occur during flight, a parallel effort was
undertaken to develop and flight demonstrate efficient roli-
control systems for possible later use. Several concepts, in-
cluding two systems originated by the author, were developed
and successfully flight demonstrated. The roll problem was
eventually solved through careful design, materials selection,
and iteration with flight test results, guided by results of the
analytical studies. Passive roll control was provided on some
vehicles, depending on their materials and heat-shield con-
struction.

After the roll problem was resolved to the extent of
precluding the catastrophic effects of roll reversal and
resonance lock-in, attention was focused on other re-entry
dispersion sources that contribute significantly to impact
error. Dispersion sources can be grouped into those that cause
range error, such as drag and atmospheric density un-
certainties, and those that cause cross-range error from lift
nonaveraging.
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Dispersion

Cross-range dispersion caused by lift nonaveraging during
the terminal re-entry phase is a significant factor in ballistic
re-entry vehicle impact error. One of the greatest sources of
cross-range error occurs during roll rate reversal when lift
caused by some trim asymmetry is momentarily stationary in
space. %% Even with nonzero roll rate, small changes in lift
during a time interval on the order of or less than the roll
period, or changes in the roll rate at constant lift, can produce
significant dispersion, commonly called roll-trim . disper-
sion. 146061 [ ift dispersion associated with a small transient in
angle of attack can be much greater than the range error that
results from drag variations caused by the same angle-of-
attack transient. Steady roll resonance is an exception because
the motion becomes circular, and the lift tends to average out
at the high resonant roll rates. The formulation by the author
of lift nonaveraging dispersion, and use of the classical Euler
angle equations for its solution is one of the most succinct
examples of the utility of the classical Euler angle coor-
dinates. 1413 ,

The transverse velocity in the crossplane, a plane per-
pendicular to the nominal flight path, is obtained by con-
sidering the vehicle as a point mass under the action of a
rotating lift vector. This velocity can be written !4

. iLy (¢
V=v+iw=V(0) —_I’IT go Bel¥ d¢ 79

where the lift force derivative L, is assumed to be constant
over the duration of a disturbance in © or ¥ that can cause lift
nonaveraging. Dispersion, therefore, depends on the direct
coupling between the Euler angles © and ¥. Variations in O at
constant precession rate y or variations in ¥ at constant 0, or
both, can cause dispersion. For the case of steady, trimmed
motion in which the lift vector precesses at the roll rate, i.e.,
¥ =¥ t=pi, the trajectory deflection or aerodynamic jump,
J=AV/u caused by step and ramp changes in © over the time
duration At is found to be 1462

L,AO 2
Jan =" (’ - pT) (80)
pu pcril
J camp _ Isin(pAt72) | -
Jstep (pAt/2)

Of most significance is the observation that lift transients
must occur in a time duration that is on the order of or less
than the roll period to cause appreciable dispersion, and that
such dispersions vary inversely with roll rate.

The best illustration of the advantage of the classical Euler
angle fermulation is dispersion caused by an initial
misalignment of the exoatmospheric angular momentum
vector with the vehicle velocity vector (pointing error, 6, Fig.
6). For this case, both the precession rate and the angle of
attack are time varying during the initial re-entry period, and
analytical approximations to both © and ¥ are required to
evaluate the integral in Eq. (79). An approximate expression
for the variation in © is given by Eq. (31), and the
corresponding variation in ¥ is obtained from the expression

¥, =p,(UxVI+k) (82)

in which « is a function of altitude or time.!> An ap-
proximation to the integral, Eq. (79), is obtained by first
changing the independent variable from ¢ to «, with the use of
an exponential approximation for atmospheric density.® A
simple approximate closed-form solution for the trajectory
deflection is found to be

7= 1% 83)

muxg
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Much attention has been given to boundary-layer transition
on the frustum and dynamic perturbations that usually ac-
company this event. The dynamic perturbations were found to
cause appreciable cross-range dispersion in some instances.
Transition is complicated by ablation mass addition, surface
geometry changes, and motion coupling, which normally
occur to some extent. Several important results derived from
wind tunnel experiments and flight data analysis reveal
different mechanisms for the manner in which boundary-layer
transition might produce dispersion. Wind-tunnel ex-
periments with conical models, including mass addition to
simulate ablation, revealed that the transition front progresses
forward from the aft frustum asymmetrically over the body,
depending on the angle of attack, the nose bluntness, and the
blowing rate.%+% The transition front for sharp and slightly
blunted cones at small angles of attack was found to be
skewed forward on the lee side, which can cause a momentary
loss of static stability as the transition front progresses over
the vehicle. An increase in nose bluntness can reverse the
transition pattern, with the transition front moving further
forward on the windward side, depending on the angle of
attack and mass addition rate. The statically destabilizing
effect of asymmetric transition can potentially degrade ac-
curacy. The author has shown how a momentary destabilizing
static moment can cause a large reduction in the lift vector
precession rate, depending on the initial motion conditions at
the onset of transition, and produce significant dispersion. 4
An even greater dispersion can result if a small out-of-plane
component accompanies the static moment, which can cause a
momentary precession stoppage.'* Such conclusions remain
controversial even today, however, because of other con-
flicting data. Extensive wind-tunnel experiments were con-
ducted with simulated ablating models; one series employed a
four-component force balance and another series employed a
spherical air bearing in which aero coefficients were extracted
from measured three-degree-of-freedom motion.%” The
results failed to reveal any significant wind-oriented moments
that could account for the dispersion mechanisms postulated.
Flight test motion perturbations were attributed to surface
- discontinuities that develop in the frustum as a consequence
of the heat-shield design and produce predominantly body-
fixed forces and moments. Adding to the controversy,
detailed analyses of flight-motion data indicated that out-of-
plane static moments with a rapidly varying body-fixed
moment source most adequately explained observed motion
transients during transition.?? Yet another school of thought
attributes, in part, the angle-of-attack perturbations ac-
companying transition progression to dynamic instability, as
well as to static moments as a result of the asymmetric
transition front progression.*’ An important contribution to
transition control is the influence of roughness on boundary-
layer transition, and on the altitude at which transition oc-
curs. 587! Enhanced roughness can trip the boundary layer at a
higher altitude than that at which transition would normally
occur. A reduction in atmospheric density and in lift forces
associated with motion perturbations at the higher altitude
results in a corresponding reduction in lift dispersion.

In addition to cross-range dispersion from nonaveraging of
lift, which can occur randomly in any direction normal to the
mean flight path, range errors occur from uncertainties in
drag and vehicle mass. Several factors contribute to drag
uncertainty, e.g., variations in atmospheric density and
nosetip shape change. The latter source of range error can be
appreciable for high-performance re-entry vehicles in which
large ablation shape changes occur. Much effort in ballistic
re-entry technology has been devoted to prediction of nosetip
and heat shield acrothermodynamic behavior, and to im-
proved materials and design methods. Although the historical
aspects are too voluminous and diverse to address in a paper
devoted to dynamics, the modeling of impact errors from
such sources is relevant. Two historically significant papers
on range errors include impact errors from winds, which have
both cross-range and up/down-range components. ’%73
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Control Applications

Various types of control systems have been devised to alter
the dynamic behavior of a ballistic re-entry vehicle in its brief
flight through the atmosphere. Roll control and boundary-
layer-transition tripping have been mentioned. Consideration
has also been given to actively cooling the vehicle nosetip and
heat shield through expulsion of a gas or liquid coolant to
increase resistance to shape change from ablation or
erosion.”’ Another type of control, drag control, is
significant. Systems have been devised for altering the
ballistic coefficient by changing the drag or weight, or both,
sufficiently to recover the vehicle from hypersonic flight to a
soft landing. One such system jettisons a substantial fraction
of the vehicle weight while preserving most of the external
configuration and heat shield.”” The system was flight
tested successfully, and yielded useful information on nosetip
ablation shape characteristics. Another concept of drag
control makes use of controlled undamping of angle of attack
to alter the vehicle drag. It has been demonstrated that
spinning, almost symmetric missiles are highly susceptible to
yaw or Magnus-type instabilities and that such instabilities
result in circular coning motion.* Because of the relatively
small yaw moment required, the large drag increase with
angle of attack, and the stability of the resulting circular
coning motion, it has been proposed to use yaw-moment
undamping in a feedback loop for control of drag.!7.18.80
Angle-of-attack control of drag can impart sufficient
deceleration for low-altitude recovery of test ballistic re-entry
vehicles. Such recovery has occurred unintentionally where
roll resonance was encountered, and drag deceleration from
angle-of-attack amplification was sufficiently great that the
vehicles impacted with minimal damage. Drag control can be
implemented through a combination of mass and con-
figurational asymmetries of the type that have inadvertently
caused resonance. The magnitude and direction of a center-
of-gravity offset is controlled with a moving mass to provide a
suitable roll torque to maintain roll rate oscillations about the
critical frequency. '® A striking feature of the control system is
the relatively low characteristic frequency of the- coupled
oscillations about resonance, which determines the response
frequency of the moving mass. The coupled roll and yaw
equations, with a trim asymmetry O, and the approximation
¥ = w=const, reduce to

O+ (1/2)0= (0O ,/2)cosd (84)

&+ 7Ocsind =0 (85)

For a quasisteady value of O, and small oscillations in &, Eq.
(85) represents a harmonic oscillator with natural frequency

w.=(nOc) *

o £ ie)” (86)

xSt IX

The frequency w, is found to be a small fraction of the natural
pitch frequency w for suitable control parameters. The system
as applied to low-altitude recovery has been demonstrated
theoretically with digital computer simulations of the vehicle
motion, 18

Concluding Remarks

Present-day ballistic re-entry vehicle technology reflects
advances in a number of technical disciplines because of the
complex interdependence of configuration, materials
behavior, flowfields, and flight dynamic response. Im-
provements in flight behavior and performance are ultimately
achieved by improved designs, materials, and fabrication
processes that embody results of analyses, ground tests, and,
most important, flight test experiments in the actual re-entry
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environment. The interpretation of the flight behavior,
identification of forcing functions in case of anomalous
behavior, and development of ‘methods of controlling or
limiting adverse flight behavior are the role of the flight
dynamicist and the subject of this paper. The solution to a
particular flight problem, or an improvement to achieve a
desired flight performance, in many cases has involved
several technical disciplines, and has been achieved through a
painstaking iterative procedure that incorporates results of
many flight test experiments. The flight dynamics summary
given herein represents a learning process in adapting well-
founded spinning-missile technology to a new and extreme
flight environment. The topics, some of which have been
discussed in fair detail, represent technical issues that, in the
author’s opinion, received special attention by the re-entry
flight mechanics community at some point in the develop-
ment. It is difficult to classify any of the solutions to these
problems as a breakthrough in itself, although the iden-
tification of the role of tape lap edges in the roll performance
of tape wound vehicles may qualify to some extent. Im-
provements in performance and accuracy, in general, have
occurred gradually, not in quantum jumps. The author has
had the opportunity to work continuously in the field of re-
entry flight mechanics for the past 15 years. As an analyst, he
has attempted to provide simple explanations, often in closed-
form solution, for various observed flight phenomena and
missile behavior. The underlying feature of his approach is
the use of the classical Euler angle coordinate system, which
has yielded some important results that might not have been
readily obtained otherwise.

The author is reminded of an instance approximately 15
years ago when he presented results of one of his early studies
to a recognized consultant in aeronautics. The consultant
advised that the paper should be rewritten in body-fixed
coordinates and would receive a wider audience. Needless to
say, the consultant’s advice was not followed. Like the
translation of an ethnic saying, a little something is lost in the
translation.

The success in solving a rigid-body dynamics problem,
perhaps more than in other fields, depends on a judicious
choice of coordinates. Most advances in the theory of missiles
and ordnance, as evidenced by the literature, have evolved in
the framework of aeroballistic and body-fixed coordinates.
The development of the epicyclic and tricyclic, and more
recently, quadracyclic and pentacyclic theories has had, and
will continue to have, a profound impact on the analysis of
missile flight behavior. Nevertheless, there are situations in
which the classical Euler angle approach has its unique ad-
vantages, and it is hoped that the foregoing examples of
ballistic re-entry vehicle flight behavior attest to the role of
this coordinate system in missile flight dynamics.
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